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1 Intr oduction

1.1 Motivation

This chapteraddressemechanismdor analyzingand processingzolumesin a way that dealsspecificallywith iso-
surfaces The underlyingphilosophyis to useisosurficesasa modelingtechnologythat cansene asan alternatve
to parameterizednodelsfor a variety of importantapplicationsin visualizationand computergraphics. This paper
presentshe mathematicendnumericaltechniquedor describingthe geometryof isosuricesandmanipulatingtheir
shapesn prescribedvays. We startwith a basicintroductioninto the notationandfundamentatonceptsandthen
presentghe geometryof isosurbices.We describethe methodof level sets,i.e., moving isosuraices,andpresenthe
mathematicahndnumericalmethodshey entail. This paperconcludesvith someapplicationexamplesanddescribes
VISRACK, a C++ object-orientedibrary the performsvolumeprocessing@ndlevel-setmodeling.

1.2 Isosurfaces
1.2.1 Modeling SurfacesWith Volumes

When consideringsurfacemodelsfor graphicsand visualization,oneis facedwith a staggeringvariety of options
including meshesspline-basegatches,constructve solid geometry implicit blobs, and particle systems. These
optionscanbedividedinto two basicclasses— explicit (parameterizednodelsandimplicit models.With animplicit
model,onespecifieshe modelasalevel setof ascalarfunction,

¢: U —~R
T,Y, 2 k> (1)

whereU c IR? is the domainof the volume(andtherange of the surfacemodel). Thus,a surfaces is
S ={z|¢(z) = k}. )

Thechoiceof k is arbitrary and¢ is sometimesalledthe embeddingNotice thatsurfacesdefinedin this way divide
U into aclearinsideandoutside—suclsurfacesarealwaysclosedwhereverthey do notintersecthe boundaryof the
domain.

Choosingthis implicit strateyy begs the questionof how to represent. Historically, implicit modelsarerepre-
sentedusinglinearcombination®f basisfunctions.Thesebasisor potentialfunctionsusuallyhave several degreesof
freedomincluding 3D position,size,andorientation.By combiningthesefunctions,onecancreatecomplec objects.
Typical modelsmight containseveralhundredo severalthousand®f suchprimitives. This is the stratgy behindthe
“blobby” modelsproposedy Blinn [1].

While suchan implicit modeling stratayy offers a variety of new modelingtools, it hassomelimitations. In
particular the globalnatureof thepotentialfunctionslimits onesability to modellocal surfacedeformationsConsider
apointz € S whereS isthelevel surfaceassociatesvith amodelp = 3. a;, anda; is oneof theindividual potential
functionsthat comprisethat model. Supposeonewishesto move the surfaceat the point z in a way that maintains
continuity with the surroundingneighborhood.With multiple, global basisfunctionsone mustdecidewhich basis
function or combinationof basisfunctionsto alter and at the sametime control the effects on other parts of the
surface.Theproblemis generallyill posed— therearemary waysto adjustthe basisfunctionssothata will movein
the desireddirectionandyet it maybeimpossibleto eliminatethe effectsof thosemovementson otherdisjoint parts
of the surface. Theseproblemscanbe overcome however they usually entail heuristicsthat tie the behavior of the
surfacedeformatiornto the choiceof representatiof2].
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4 T Basis function

Figurel: A volumecanbeconsiderecisanimplicit modelwith alargenumberof local basisfunctions.

An alternatve to usinga small numberof global basisfunctionsis to usea relatively large numberof local basis
functions. This is the principle behindusinga volumeasanimplicit model. A volumeis a discretesamplingof the
embeddingp. It is alsoanimplicit modelwith a verylarge numberof basisfunctions,asshovn in Figurel. Thetotal
numberof basisfunctionsis fixed,asaretheir positiong(grid points)andextent. Onecanchangeonly themagnitudeof
eachbasisfunction,i.e.,eachbasisfunctionhasonly onedegreeof freedom.A typical volumeof size128 x 128 x 128
containsover a million suchbasisfunctions. The shapeof eachbasisfunctionis opento interpretation— it depends
on how one interpolateshe valuesbetweenthe grid points. A trilinear interpolation,for instance,mplies a basis
functionthatis a piece-wisecubicpolynomialwith avalueof oneatthegrid pointandzeroat neighboringgrid points.
Anotheradvantageof usingvolumesasimplicit models,is thatfor the purpose®f analysiswe cantreatthe volume
asa continuousfunction whosevaluescan be setat eachpoint accordingto the application. Oncethe continuous
analysiss completewe canmapthealgorithminto the discretedomainusingstandaranethodsof numericalanalysis.
Thesectionghatfollow discusshow to computethe geometryof surfacesthatarerepresentedsvolumesandhow to
manipulatehe shape®f thosesurfacesby changinghe gray-scalesaluesin thevolume.

1.2.2 IsosurfaceExtraction and Visualization

This paperaddressethe questionof how to usevolumesassurfacemodels.Dependingon the application,however,
a 3D grid of data(i.e. a volume)may not be a suitablemodel representation.For instance,if the goal is make
measurementsf an objector visualizeits shapean explicit modelmight be necessaryin suchcasest is beneficial
to convertbetweenvolumesandothermodelingtechnologies.

For instancetheliteratureproposeseveral methodsor scancornvertingpolygonalmesher solid models[3, 4].
Likewiseavariety of methodsexist for extractingparametrianodelsof isosuraicesrom volumes. Themostprevalent
methodis to locateisosurbcecrossingsalonggrid linesin avolume(betweernvoxelsalongthe 3 cardinaldirections)
andthento link thesepointstogetherto form trianglesandmeshesThis is the stratgy of “marchingcubes”[5] and
otherrelatedapproachesHowever, extractinga parametricsurfaceis not essentiafor visualization,anda variety of
directmethodq6, 7] arenow computationallyfeasibleandarguablysuperiorin quality. This chapterdoesnotaddress
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theissueof extractingor renderingsosurfices put ratherstudiesthe geometryof isosurficesandhow to manipulate
themdirectly by changinghegrey-scalevaluesin theunderlyingvolume. Thus,we proposevolumesasa mechanism
for studyinganddeformingsurfacesyegardlesof the ultimateform of the output. Their aremary waysof rendering
or visualizingthemandandthesetechniquesrebeyondthe scopeof this discussion.

2 SurfaceNormals

Thesurfacenormalof anisosurfceis givenby thenormalizedgradientvector Typically, we identify a surfacenormal
with apointin thevolumedomainD. Thatis
Vo(x)

") = @)

The corventionregardingthe directionof this vectoris arbitrary;the negative of the normalizedgradientmagnitude
is alsonormalto theisosurfice. Thegradientvectorpointstowardthatsideof theisosurficewhich hasgreatewalues
(i.e. brighter). Whenrenderingthe cornventionis to useoutward pointingnormals andthesignof thegradientmustbe
adjustechccordingly However, for mostapplicationsany consistenthoiceof normalvectorwill sufiice. Onadiscrete
grid, onemustalsodecidehow to approximatehe gradientvector(i.e., first partialderivatives).In mary casesentral
differenceswill suffice. However, in the presencef noise,especiallywhenvolumerenderingjt is sometimeselpful
to computefirst derivativesusingsomesmoothingfilter (e.g.,corvolution with a Gaussian) Whenusingthe normal
vectorto solve certainkinds of partial differentialequationsjt is sometimesecessaryo approximatethe gradient
vectorwith discrete pne-sidedlifferencesasdiscussedn successie sections.

Notethata single volume containsfamiliesnestedsosurfices arrangedik e the layersof anonion. We specific
thenormalto anisosurficeasa functionof the positionwithin thevolume. Thatis, n(z) is thenormalof the (single)
isosurficethatpasseshroughthe pointz. The k valueassociatedavith thatisosurficeis ¢(x).

wherex € D. 3)

3 Second-OrderStructure

In differentialgeometriderms thesecond-ordestructureof a surfaceis characterizethy a quadratigpatchthatshares
first- and second-ordecontactwith the surfaceat a point (i.e., tangentplaneand osculatingcircles). The principal
directionsof the surfacearethoseassociateavith the quadraticapproximationandthe principal curvatues ki, ks,
arethecurvaturesin thosedirections.

The second-structuref the isosurficecanbe computedrom thefirst- andsecond-ordestructureof the embed-
ding, ¢. All of theisosurficeshapeinformationis containedfield of normalsgivenby n(x). The 3 x 3 matrix of
derivativesof this vector,

N =—[n, ny n,] (4)

describeghe second-ordestructureof the surface. This matrix has(typically) rank two, andthe two nonzeroeigen-
valuesof this matrix give the principle curvatures.Thatis,

er = ky,es = ka,e3 = 0. (5)
Themeancurvatute is the meanof thetwo principal curvatureswhich is onehalf of thetraceof N () [8]:
_ k1 + ks _ 1
H = 5 = 2Tr(N)

¢§ (¢yy + ¢zz) + (Z%(stzw + d)zz) + ¢§ (¢ww + ¢yy) - 2¢z¢y¢wy - 2¢w¢z¢zz - 2¢y¢z¢yz

— 6
262+ 43+ )P ©
The Gaussiarcurvature is the productof the principal curvatures:
1
K = kiky=e1es+er1e3+ese3 = 2TI‘(N)2 — §||N|| @)

¢§ (¢m¢yy - ¢my¢xy) + (ﬁz (¢zx¢zz - ¢zz¢xz) + ¢§ (¢yy¢zz - ¢yz¢yz)
+ 2(¢w¢y(¢wz¢yz - ¢zy¢zz) + ¢z¢z (¢wy¢yz - ¢zz¢yy) + ¢y¢z (¢wy¢wz - ¢yz¢ww))
(93 + ¢} +43)? '
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Thetotal curvature alsocalledthedeviationfrom flatness D, is theroot sumof square®f thetwo principalcurvatures,
whichis the Euclideannormof thematrix N.

Notice, thesemeasuregxist at every pointin U, andat eachpoint they describethe geometryof the particular
isosurficethat passeshroughthat point. All of thesequantitiescanbe computedon a discretevolume usingfinite
differencesasdescribedn successie sections.

4 Deformable Surfaces

This sectionbegins with mathematicsor describingsurface deformationson parametricmodels. The resultis an
evolution equationfor a surface. Eachof the termsin this evolution equationcanbe re-expressedn a way thatis
independentf the parameterizationkinally, the evolution equationfor a parametricsurfacegivesriseto anevolution
equation(differentialequation)on a volume,which encodeshe shapeof thatsurfaceasa level set.

4.1 SurfaceDeformation

A regularsurfaceS ¢ IR? is a collectionof pointsin 3D thatcanbe berepresentetbcally asa continuousfunction.
In geometricmodelinga surfaceis typically representedsa two-parameteobjectin athree-dimensionapacej.e.,
asurfaceis localamappings':

S:VxVe R 8)

r S T,Y,z

whereV x VIR?, andthe bold notationrefersspecificallyto a parameterizegurface (vectorvaluedfunction). A
deformablesurface exhibits somemotion over time. Thus S = S(r,s,t), wheret € IR*. We assumesecond-
ordercontinuous,orientablesurfaces;thereforeat every point on the surface(andin time) thereis surfacenormal
N = N(r,s,t). We useS; to referto theentiresetof pointsonthesurface.

Local deformationsof S canbe describedby an evolution equation;i.e., a differentialequationon S thatincor-
poratesthe positionof the surface,local andglobal shapepropertiesandresponseso otherforcing functions. That
is,

oS

E:G(SJS’I’7SSJS'I‘T‘JS’I"S7SSSJ‘“)7 (9)

wherethesubscriptsepresenpartialderivativeswith respecto thoseparametersTheevolutionof S canbedescribed
by a sumof termsthatdepend®n boththe geometryof S andtheinfluenceof otherfunctionsor data.

Thereare a variety of differentialexpressionghat canbe combinedfor differentapplications.For instance the
modelcould movein responséo somedirectional“forcing” function[9, 10], F : U — IR?, thatis

08

Alternatively, the surfacecould expandandcontractwith a spatially-\aryingspeed For instance,

oS
= = N

5 G(S) (11)
whereG : R® — IR is asignedspeedunction. The evolution might alsodependon the surfacegeometryitself. For

instance,
oS

ot
describes surfacethat movesin way thatis becomesnore smoothwith respectto its own parameterizationThis
motion canbe combinedwith the motion of Equation10 to producea modelthatis pushedby a forcing function but
maintainsa certainsmoothnes its shapeand parameterizationThereare myriad termsthat dependon both the
differentialgeometryof the surfaceandoutsideforcesor functionsto controlthe evolution of asurface.

= Srr + Sss (12)
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Figure2: Level-setmodelsrepresenturvesandsurfacesmplicitly usinggreyscaleimages:a)anellipseis represented
asthelevel setof animage,b) to changethe shapewe modify the greyscalevaluesof theimage.

5 Deformation: The Level SetApproach

The methodof level-sets proposedy Osherand Sethian[11] anddescribedextensiely in [8], providesthe mathe-
maticalandnumericalmechanismgor computingsurfacedeformationsastime-varyingiso-valuesof ¢ by solvinga
partial differentialequationon the 3D grid. Thatis, thelevel-setformulationprovidesa setof numericalmethodghat
describehow to manipulatehegreyscalevaluesin avolume,sothattheisosurficesof ¢ movein aprescribednanner
(shovnin Figure2).

We denotethe movementof a point on a surfaceasit deformsasdz /dt, andwe assumehatthis motioncanbe
expressedn termsof the positionof x € U andthe geometryof the surfaceat that point. In this case thereare
generallytwo optionsfor representinguchsurfacemovementamplicitly:

Static: A single,staticé(x) containsa family of level setscorrespondindo surfacesasdifferenttimest. Thatis,

Oz dk(t)
tdt

To solvethis staticmethodrequiresconstructinga ¢ thatsatisfiesquationl 3. Thisis aboundaryalueproblem,

which can be solved someavhat efficiently startingwith a single surface using the fast marchingmethodof

Sethian[12]. This representatiomassomesignificantlimitations, however, because€by definition) a surface
cannotpassbackoveritself overtime, i.e., motionsmustbe strictly monotonic— inward or outward.

P(x(t)) = k() = V() (13)

Dynamic: Theapproachs to usea one-parametdamily of embeddings.e., ¢(x,t) change®vertime, x remains
onthek level setof ¢ asit moves,andk remainsconstant.The behaior of ¢ is obtainedby settingthe total
derivative of ¢(x(t),t) = k to zero.Thus,

ol dz
t),t) =k —=-V¢ - —. 14
da),t) =k = - =-Vo- o (14)
This approactcanaccommodatenodelsthatmove forward andbackward andcrossbackover their own paths
(overtime). However, to solve this requiressolving the initial valueproblem(usingfinite forward differences)
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on¢(x,t) — apotentiallylargecomputationaburden.Theremaindepf this discussiorfocusen thedynamic
casepecausef its superiorflexibility .

All surfacemovementsdependon positionandgeometryandthe level-setgeometryis expressedn termsof the
differential structureof ¢. Thereforethe dynamicformulationfrom equation14 givesa generalform of the partial
differentialequationon ¢:

2 = V9% = Yy Fla,D, D%, ), (15
whereD"¢ is the setof ordern derivativesof ¢ evaluatedat . Becausehis relationshipappliesto every level-setof
¢, i.e. all valuesof £, this equationcanbeappliedto all of U, andthereforethe movementsof all thelevel-setsurfaces
embeddedh ¢ canbecalculatedrom Equationl5.

Thelevel-setrepresentatiohasa numberof practicalandtheoreticabhdvantagesverconventionalsurfacemodels,
especiallyin the context of deformationandsegmentation First, level-setmodelsaretopologicallyflexible, they can
easily representomplicatedsurface shapeghat can, in turn, form holes, split to form multiple objects,or mege
with otherobjectsto form a single structure. Thesemodelscanincorporatemary (millions) of degreesof freedom,
andthereforethey canaccommodateomplex shapesindeed,the shapegormedby thelevel setsof ¢ arerestricted
only by theresolutionof the sampling.Thus,thereis no needto reparameterizéhe modelasit undegoessignificant
deformations.

Suchlevel-setmethodsare well documentedn the literature[11, 13] for applicationssuchas computational
physics[14], imageprocessind15, 16], computervision [17, 18], medicalimageanalysis[19, 18], and3D recon-
struction[20, 21]. For instancejn computationaphysicdevel-setmethodsarea a powerful tool for modelingmaving
interfacesbetweerdifferentmaterialgseeOsherandFedkiw[14] for aniceoverview of recentresults).Examplesare
waterair andwateroil. In suchcases|evel-setmethodscanbe usedto computedeformationghat minimize surface
areawhile preservingvolumesfor materialsthat split and meige in arbitraryways. The methodcanbe extendedto
multiple, non-overlappingobjects.

Level-setmethodshave alsobeenshavn to beeffectivein extractingsurfacestructuregrom biologicalandmedical
data. For instanceMalladi etal. [18] proposea methodin which the level-setsform an expandingor contracting
contourwhichtendsto “cling” to interestingieaturesn 2D angiogramsAt thesametimethecontouris alsoinfluenced
by its own cunature,andthereforeremainssmooth. Whitaker etal. [19, 22] have shavn that level setscanbe
usedto simulateconventionaldeformablesurfacemodels,anddemonstratethis by extractingskin andtumorsfrom
thick-sliced (e.g. clinical) MR data,and by reconstructinga fetal facefrom 3D ultrasound. A variety of authors
[23, 24, 16, 25] have presentedrariationson the methodandpresentedesultsfor 2D and3D data. Sethian[8] gives
severalexamplesof level-setcurvesandsurfacefor sggmentingCT andMR data.

5.1 Deformation Modes

In the caseof parametricsurfaces,one canchoosefrom a variety of differentexpressiongo constructan evolution
equatiorthatis appropriatdor aparticularapplication.For eachof thoseparametri@xpressionsthereis acorrespond-
ing expressiorthat canbe formulatedon ¢, the volumein which thelevel-setmodelsareembeddedIn constructing
evolutionson levels sets,therecanbe no referenceto the underlyingsurfaceparameterizatioftermsdependingon
r ands in Equations8 through12). This hastwo importantimplications: 1) only thosesurfacemovementghatare
normalto the surfacearerepresented—anothermovementis equivalentto a reparameterizatiof) all of the deriva-
tiveswith respecto surfaceparameterg ands mustbe expressedn termsof invariantsurfacepropertieghatcanbe
derivedwithout a parameterization.

ConsidethetermS,.,. + S, from equationl2. If r, s is anorthonormaparameterizatiorthe effect of thattermis
basedourelyonsurfaceshapenotonthe parameterizatiorandtheexpressionS.. + S is twice themeancurvatue,
H, of the surface.The correspondindevel-setformulationis givenby Equation6.

Tablel shavsalist of expressionsisedn theevolution of parameterizedurfacesandtheirequivalentsor level-set
representationgilso givenarethe assumptiongsboutthe parameterizatiothatgive rise to the level-setexpressions.

6 Numerical Methods

By takingthe stratgy of embeddingurfacemodelsin volumeswe have corvertedequationghatdescribehe move-
mentof surfacepointsto nonlinear partial differentialequationsiefinedon a volume,whichis generallyarectilinear
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Effect Parametric Evolution Level-Set Parameter
Evolution Assumptions
1 | Externalforce F F-Vo None
Expansion/

2| contraction G(z)N G(z)|Vo(z,1)| None
Mean

31 cunature Srr + Sss H|V¢| Orthonormal
Gauss

41 cunature Srr X Ses K|V Orthonormal

Principal
5 | Secondorder Spr O Sss (H + VH? —K) |V¢| e

Tablel: A list of evolution termsfor parametrianodelshasa correspondingxpressioron theembeddingg, associ-
atedwith thelevel-setmodels.

grid. The expressionu; , refersto the nth time stepat positions, j, k, which hasan associatedvaluein the 3D
domainof the contmuouevolumeqﬁ(m,, yj, zk). Thegoalis to solve the differentialequationconsistingof termsfrom
Table5.1onthediscretegrid u}’; ;..

The discretizationof theseequationsaisestwo importantissues.First is the availability of accuratestablenu-
mericalschemedgor solvingtheseequationsSeconds the problemof computationatomplexity andthe factthatwe
have corverteda surfaceproblemto a volumeproblem,increasinghe dimensionalityof the domainover which the
evolution equationsnustbe solved.

Thelevel-settermsin Table 1 arecombined basedon the needsof the application,to createa partial differential
equationon ¢(x,t). The solutionsto theseequationsare computedusing finite differences. Along the time axis
solutionsare obtainedusingfinite forward differencespeginning with aninitial model(i.e., volume) and stepping
sequentiallythrougha seriesof discreteimesstepgwhicharedenotedassuperscripten«). Thustheupdateequation
is:

u:’j}s =uj ;i + AtAu (16)

Theterm Au7; . is a discreteapproximatiorto 0¢/0t, which consistsof a weightedsumof termssuchasthosein
Table5.1. Thosetermsmust,in turn, be approximatedisingfinite differencesonthevolumegrid.

1,7,k

6.1 Up-wind Schemes

Thetermsin Table1 fall into two basiccatayories: the first-orderterms(items1 and?2 in Table1) andthe second-
orderterms(items 3 through5). The first-ordertermsdescribea moving wave front with a space-arying velocity
(expressiorl) or speedexpressior?). Equationf this form cannotbe solvedwith a simplefinite forwarddifference
scheme.Suchschemegendto overshootandthey areunstable.To addresghis issueOsherand Sethian[26] have
proposedanup-windschemeTheup-windmethodrelieson aone-sidedierivative thatlooksin the up-winddirection
of themoving wave front, andtherebyavoidsthe over-shootingassociatedvith finite forwarddifferences.
We denotethe type of discretedifferenceusingsuperscript®n a differenceoperatori.e., §(*) for forward differ-

encesg(—) for backward differencesandé for centraldifferences.For instancedifferencesn the z directionon a
discretegrid, u; ;,x, with domainX anduniformspacingh aredefinedas

AN
S uije = (g1 gk — vije)/h, (17)
_ A
(5;(3 )ui,j,k = (u,’,j,k — ui,l,j,k)/h, and (18)
A
Sruijhe = (Uit1gk — Ui-1,5,k)/(2h), (19)
(20)

wherewe have left off thetime superscripfor concisenessSecond-ordetermsarecomputedusingthetightest-fitting
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Level-set motion
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Up-wind
difference
Down-wind
difference
[

“new” level sets

»/"

} Overshoot creates

AtAy; limited by
up-wind difference’y

Figure3: The up-wind numericalschemausesone-sidedlerivativesto preventovershootingandthe creationof nen
level sets.

centraldifferenceoperatorsFor example,

A

Soattijh = (Wi1jk + Uic1,jk — 2ui k) [h7, (21)
A

5zzui,j’k = (ui’j7k+1 + Uj jk—1 — 2Ui,j,k) /h2, and (22)
A

OoyUijk = OalyUijk (23)

The discreteapproximatiorto the first-ordertermsof in Table5.1 arecomputedusingthe up-wind proposedoy
Osherand Sethian[11]. This stratgyy avoids overshootingby approximatingthe gradientof ¢ usinga one-sided
differencesn the directionthatis up-wind of the moving level-settherebyensuringthatno new contoursarecreated
in the procesof updatingu?’; , (asdepictedn Figure3). Theschemes separabla@longeachaxis(i.e., z, y, andz).

ConsidefTerm1 in Table5.1. If we usesuperscript$o denotethe vectorcomponentsi.e.,

F(z,y,2) = (F@(z,y,2), F¥ (z,y,2), F?) (2,9, 2)), (24)

the up-wind calculationfor a grid pointug’; ;. is

Stur. . FO(z; y:,2) >0
s ) . s ~ E N q i,gk isYi> Zi
F(xz,y“zz) V(ﬁ(m“y]’Zk,t) ge{z,y z}F (m“y"zz) { 6’zlu2j,k F(q) (mi;yiyzi) <0 (25)

Thetime stepsarelimited—thefastesimoving wave front canmaove only onegrid unit periteration. Thatis
1
qu{w,y,z} Supi,j,keXﬂvF(q) (xia Yj» Zk)|} ‘

Atp < (26)

For Term2in Table5.1thedirectionof themoving surfacedepend®nthenormal,andthereforethe sameup-wind
stratgyy is appliedin aslightly differentform.

G(xz',yj,Zk)|V¢($i,yj,Zk,t)| ~

max? (5wl ., 0) + min® (6 u?; 1, 0) Gz, yi,2i) >0
GIL", i Zi ) q 7,5,k 7 i,k iy iy #1 27
qe{zzy 2} (i:91 20 { min® (éjqu,k’O) + max? ((sq uzn,j,k70) G(q)(wi,yi, 2:) <0 27)

Thetime stepsare,again,limited by thefastesimoving wave front:

1
Atg <
3sup; j kex 1IVG (i, 5, 21) |}

(28)
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Figure4: A level curve of a 2D scalarfield passeshrougha finite setof cells. Only thosegrid pointsnearesto the
level curve arerelevantto the evolution of thatcurve.

To computeapproximationthe updateto the second-ordetermsin Table 5.1 requiresonly centraldifferences
Thus,the meancurvatureis approximateds:

Hz’?j,k = ((6 uz] k) (6 uz] k) (6 uz] k)2)_ [((6 uz] k) (6 uz]k) )61'9””1] k (29)
(Ot ) + (Gl )) Spgty + (G ) + (Gyuly)”) dely

—205u7j 1Oy uf; kOay il j g, — 20yuf s 10T Oyl — 20:uT 5 L Opul; 1 Ozpul k]

Suchcurvaturetermscanbe computingby usinga combinationof forward andbackward differencesasdescribedn
[27]. In somecaseghisis advantageous—iit the detailsarebeyondthe scopeof this paper

Thetime stepsarelimited, for stability, to

Aty < é (30)

When combiningterms,the maximumtime stepsfor eachtermsis scaledby one over the weighting coeficient for
thatterm.

6.2 Narrow-Band Methods

If oneis interestedn only a singlelevel set the formulationdescribedpreviously is not efficient. This is because
solutionsare usuallycomputedover the entiredomainof ¢. The solutions,¢(z, v, z,t) describethe evolution of an
embeddedamily of contours. While this densefamily of solutionsmight be advantageougor certainapplications,
thereareotherapplicationghatrequireonly a singlesurfacemodel. In suchapplicationghe calculationof solutions
over a densefield is an unnecessargomputationaburden,andthe presencef contourfamiliescanbe a nuisance
becausdurtherprocessingnight berequiredto extractthelevel setthatis of interest.

Fortunately the evolution of a singlelevel set, ¢(x,t) = k, is not affectedby the choiceof embedding. The
evolution of thelevel setsis suchthatthey evolve independentlyto within the errorintroducedby the discretegrid).
Furthermoretheevolutionof ¢ isimportantonly in thevicinity of thatlevel set. Thus,oneshouldperformcalculations
for the evolution of ¢ only in a neighborhoodf the surfaceS = {z|¢(x) = k}. In the discretesetting,thereis a
particularsubsetof grid pointswhosevaluescontrol a particularlevel set(seeFigure4). Of course,asthe surface
moves,thatsubsebf grid pointsmustchangeo accounffor its new position.

AdalsteinsorandSethian 28] proposea harrow-bandapproactwhich followsthisline of reasoningThenarrow-
bandtechniqueconstructanembeddingf theevolving curve or surfacevia asigneddistanceransform.Thedistance
transformis truncatedij.e, computedverafinite width of only m pointsthatlie within aspecifieddistancdo thelevel
set. Theremainingpointsare setto constantvaluesto indicatethatthey do not lie within the narrov band,or tube
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Recomputédand

Figure5: The narrov bandschemdimits computatiorto thevicinity of the specificlevel set. As the level-setmoves
nearthe edgeof thebandthe processs stoppedandthe bandrecomputed.

asthey call it. The evolution of the surface(they demonstratét for curvesin the plane)is computedby calculating
the evolution of w only on the setof grid pointsthatarewithin afixed distanceto theinitial level set,i.e. within the
narrav band.Whentheevolving level setapproachetheedgeof theband(seeFigureb), they calculateanew distance
transformanda nev embeddingandthey repeathe process.This algorithmrelieson the factthatthe embeddings
not a critical aspecbf the evolution of thelevel set. Thatis, the embeddingcanbe transformedbr recomputedat ary
pointin time, solong assuchatransformatiordoesnot changethe positionof the kth level set,andthe evolution will
be unafectedby this changan theembedding.

Despitetheimprovementsn computatiortime, the narrov-bandapproachis not optimalfor severalreasonsFirst
it requiresa bandof significantwidth (m = 12 in the examplesof [28]) whereonewould like to have a bandthatis
only aswide asnecessaryo calculatethe derivativesof u nearthelevel set(e.g.m = 2). Thewiderbandis necessary
becausehe narrav-bandalgorithmtradesoff two competingcomputationakosts. Oneis the costof stoppingthe
evolution andcomputingthe positionof the curve anddistanceransform(to sub-cellaccurag) anddeterminingthe
domainof theband. The otheris the costof computingthe evolution processover the entireband. The narrov-band
methodalsorequiresadditionaltechniquessuchassmoothingto maintainthe stability atthe boundarie®f theband,
wheresomegrid pointsareundegoingthe evolution andnearbyneighborsarestatic.

6.3 The Sparse-FieldMethod

Thebasicpremiseof the narrav bandalgorithmis thatcomputingthe distancdransformis socostlythatit cannotbe
doneat every iterationof the evolution processThe stratgy proposecdhereis to useanapproximatiorto thedistance
transformthatmalesit feasibleto recomputehe neighborhoof the level-setmodelat eachtime step.Computation
of the evolution equationis computedon a bandof grid pointsthatis only on pointwide. Theembeddings extended
from the active pointsto a neighborhoodaroundthosepointsthatis preciselythe width neededat eachtime. This
extensionis donevia afastdistanceransformapproximation.

This approachhasseveral advantages.First, the algorithm doespreciselythe numberof calculationsneededo

277



computethe next positionof thelevel curve. It doesnot requireexplicitly recalculatinghe positionsof level setsand
theirdistanceransforms Becausehe numberof pointsbeingcomputeds sosmall, it is feasibleto usealinked-listto
keeptrackof them. Thus,ateachiterationthealgorithmvisits only thosepointsadjacento thek-level curve. For large
3D datasets thevery procesf incrementinga counterandcheckingthe statusof all of thegrid pointsis prohibitive.

The sparse-fieldalgorithmis analogoudo a locomotie enginethatlays down tracksbeforeit andpicksthemup
from behind. In this way the numberof computationgncreasewith the surfaceareaof the modelratherthanthe
resolutionof the embedding.Also, the sparse-fieldapproachidentifiesa singlelevel setwith a specificsetof points
whosevaluescontrolthe positionof thatlevel set. This allows oneto computeexternalforcesto anaccurag thatis
betterthanthe grid spacingof the model, resultingin a modelingsystemthat is more accuratefor variouskinds of
“modelfitting” applications.

The sparse-fieldalgorithm takes advantageof the fact that a k-level surface, S, of a discreteimagewu (of ary
dimension)hasa set of cells throughwhich it passesas shavn in Figure 4. The setof grid points adjacentto
the level setis calledthe active set andthe individual elementsof this setare calledactive points As a first-order
approximationthedistanceof thelevel setfrom the centerof ary active pointis proportionalto thevalueof « divided
thegradientmagnitudeat that point. Becausall of thederivatives(up to secondbrder)in this approackarecomputed
usingnearesheighbordifferencespnly theactive pointsandtheir neighborsarerelevantto the evolution of thelevel-
setatary particulartime in theevolutionprocessThestratay is to computethe evolution givenby equationl5onthe
active setandthenupdateneighborhoodaroundthe active setusinga fastdistancetransform. Becauseactive points
mustbe adjacento the level-setmodel,their positionslie within a fixed distanceto the model. Thereforethe values
of u for locationsin the active setmustlie within a certainrange. Whenactive-pointvaluesmove out of this active
range they arenolongeradjacento themodel. They mustberemovedfrom the setandothergrid points,thosewhose
valuesaremoving into theactive range mustbeaddedo take their place.The preciseorderingandexecutionof these
operationgs importantto the operationof the algorithm.

Thevaluesof the pointsin theactive setcanbe updatedisingthe up-wind schemeor first-ordertermsandcentral
differencedor the mean-curatureflow, asdescribedn the previoussectionsIn orderto maintainstability, onemust
updatetheneighborhoodsf active grid pointsin away thatallows grid pointsto enterandleave theactive setwithout
thosechangesn statusaffecting their values. Grid points shouldbe removed from the active setwhenthey areno
longerthe nearesgrid point to the zerocrossing.If we assumedhatthe embedding: is a discreteapproximatiorto
thedistanceransformof the model,thenthedistanceof a particulargrid point, z,,, = (i, j, k), to thelevel setis given
by thevalueof v atthatgrid point. If the distancebetweergrid pointsis definedto be unity, thenwe shouldremove
apointfrom the active setwhenthevalueof u atthatpointnolongerliesin theinterval [—%, %] (seeFigure6). If the
neighborsof that point maintaintheir distanceof 1, thenthoseneighborswill move into the active rangejust z,,, is
readyto beremoved.

Therearetwo operationghataresignificantto the evolution of the active set. First, the valuesof « at active points
changefrom oneiterationto the next. Secondasthe valuesof active points passout of the active rangethey are
removedfrom the active setandother, neighboringgrid pointsareaddedto the active setto take their place. In [21]
theauthorgivessomeformal definitionsof active setsandthe operationghataffectthem,which show thatactive sets
will alwaysform aboundarybetweernpositive andnegative regionsin theimage evenascontrolof thelevel setpasses
from onesetoff active pointsto another

Becausayrid pointsthat are nearthe active setare keptat a fixed value differencefrom the active points,actve
pointssene to control the behaior of non-actve grid pointsto which they areadjacent. The neighborhood®f the
actvesetaredefinedn layers, L1, ... LyyandL_q, ... L_ N, wherethes indicateghedistancecity blockdistance)
from the nearestctive grid point, andnegative numbersareusedfor the outsidelayers. For notationalcorvenience
the active setis denotedL.

Thenumberof layersshouldcoincidewith the sizeof the footprint or neighborhoodisedto calculatederivatives.
In this way, the insideandoutsidegrid pointsundego no changesn their valuesthat affect or distortthe evolution
of the zeroset. Most of the level-setwork relieson surfacenormalsand curvature,which requireonly second-order
derivativesof ¢. Second-ordederivativesarecalculatedusinga3 x 3 x 3 kernel(city-block distance? to thecorners).
Thereforeonly five layersarenecessary? insidelayers,2 outsidelayers,andtheactive set). Thesdayersaredenoted
Ly, Lo, L_q,L_5, andLo.

Theactive sethasgrid pointvaluesin therange[—%, %]. The valuesof thegrid pointsin eachneighborhoodayer
arekept 1 unit from the next layer closestto the active set(asin Figure6). Thusthe valuesof layer L; fall in the
interval [ — %,i + %]. For 2N + 1 layers,the valuesof the grid pointsthataretotally insideandoutsideare N + %
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Figure6: Thestatusof grid pointsandtheir valuesattwo differentpointsin time show thatasthezerocrossingmoves,
activity is passeanegrid pointto another

and—N — % respectiely. The procedurdor updatingtheimageandthe active setbasedn surfacemovementss as
follows:

1. For eachactive grid point, z,,, = (4, j, k), dothefollowing:

(a) Calculatethelocal geometryof thelevel set.

(b) Computethe netchangeof u,, , basedon the internaland externalforces,using somestable(e.g., up-
wind) numericalschemevherenecessary

2. For eachactlve grid point z; addthe changeto the grid point value and decideif the new valueu?t* falls
outsidethe [—1 3 2] interval. If so,putz,, onlists of grid pointsthatarechangingstatus;, calledthestatushst
SyorS_y, foru?tl > 1orult! < —1, respectiely.

3. Visit thegrid pointsin thelayersL; in theorderi = +1, ...+ N, andupdatethe grid pointvaluesbasecon the
values(by addingor subtractingoneunit) of the next innerlayer, L;+;. If morethanone L;; neighborexists
thenusetheneighborthatindicatesalevel curve closesto thatgrid point,i.e., usethe maximumfor the outside
layersandminimumfor theinsidelayers.If agrid pointin layer L; hasno L;+; neighborsthenit getsdemoted
to L;+1, thenext level avay from theactive set.

4. For eachstatudist S11, S+2,...,S+n dothefollowing:

(a) For eachelementr; onthestatudist S;, remave z; from thelist L;+;, andaddit to the L; list, or, in the
caseof i = £(N + 1), removeit from all lists.

b) Add all L;+; neighbordo the S; 1 list.
:F

This algorithmcanbe implementecefficiently usinglinked-list datastructurescombinedwith arraysto storethe
valuesof the grid pointsandtheir statesas shovn in Figure 7. This requiresonly thosegrid points whosevalues
arechanging,the active pointsandtheir neighborsto be visited at eachtime step. The computationtime grows as
m™~1, wherem is thenumberof grid pointsalongonedimensionof u (sometimegalledtheresolutionof thediscrete
sampling). Computatiortime for dense-fieldapproactincreasessm™. Them™~! growth in computatiorntime for
the sparse-fieldnodelsis consistentvith corventional(parameterizednodels for which computatiortimesincrease
with theresolutionof thedomain,ratherthantherange.

Anotherimportantaspecbf theperformancef the sparse-fieldilgorithmis thelargertime stepshatarepossible.
Thetime stepsarelimited by the speedof the “f astest’moving level curwe, i.e., the maximumof the force function.
Becausethe sparse-fieldnethodcalculatesthe movementof level setsover a subsetof the image, time stepsare
boundedrom below by thoseof thedense-fieldtasej.e.,

sup (g(x)) < sup(g(x)), (31)
rz€ACX Tz€EX
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whereg(z) is thespacevaryingspeedunctionand.A is the active set.

Resultsfrom previouswork [21] have demonstratedeseralimportantaspect®of the sparse-fieldalgorithm. First,
the manipulationof the active setandsurroundindayersallow the active setto “track” the deformablesurfaceasit
moves. The active setalwaysdividestheinsideandoutsideof the objectsit describegi.e., it staysclosed).Empirical
resultsshawv significantincreasedn performanceelative to boththe computatiorof full domainandthe narronv-band
method,as proposedn the literature. Empirical resultsalsoshow thatthe sparse-fieldnethodis aboutasaccurate
as both the full, discretesolution, and the narrov-bandmethod. Finally, because¢he methodpositionslevel sets
to sub-woxel accurag it avoids aliasingproblemsandis more accuratehentheseothermethodswhenit comesto
fitting level-setmodelsto othersurfaces.This sub-woxel accuray is importantaspecof theimplementationandwill
significantlyimpactthe quality of theresultsfor the applicationghatfollow.

7 Applications

This sectiondescribeseveral examplesof how level-setsurfacemodelscanbe usedto addressgroblemsin graphics,
visualization,and computervision. Theseexamplesare a small selectionof thoseavailablein the literature. All of

theseexampleswvhereimplementedisingthe sparse-fieldilgorithmandthe VISPacklibrary, whichis describedn the
sectionthatfollows.

7.1 SurfaceMor phing

This sectionsummarizeshe work of [29], which describeghe useof level-setsurfacemodelsto perform3D shape
metamorphosisThe morphingof 3D surfacesis the processof constructinga seriesof 3D modelsthat constitutea
smoothtransitionfrom oneshapeo another(i.e.,ahomotoy). Suchacapabilityis interestingfor creatinganimations
andasatool for geometrianodeling.Thereis notyeta single,generaimethodfor generatinguchtransitionalshapes.
However, thereareseveraldesirableaspect®f morphingalgorithmsthatallow usto comparegheadequay of different
approacheo surfacemorphing.Severaldesirablepropertiesof 3D surfacemorphingare:

1. Thetransitionprocesshouldbegin with aninitial surfaceandendwith a specifiedtarget surface.

2. Themorphingalgorithmshouldapplyto a wide rangeof shapesndtopologies.
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3. Intermediatesurfacesshouldundego continuous3D transitiongratherthancontinuityonly in theimagespace).
4. A 3D morphingalgorithmshouldincorporatauserinput easilybut shoulddegradegracefullywithoutit.
5. Transitionalshapeshoulddependnly on the surfacegeometryof thetwo input shapesanduserinput.

Theserequirementarenot exhaustve, but they capturemary of the practicalaspect®f 3D morphing.

In this sectionwe shav how level-setmodelsprovide analgorithmfor 3D morphingwhich meetsmostof these
criteria and comparefavorably with existing algorithms. Furthermore this algorithmis a naturalextensionof the
mathematicaprinciplesdiscussedh previoussections.Thestratey is to allow afree-formdeformatiorof onesurface
(calledtheinitial surface)usingthe signeddistanceransformof a secondsurface(thetarget surface).This free-form
deformationis combinedwith anunderlyingcoordinateransformatiorthat giveseithera roughglobal alignmentof
thetwo surfacesor one-to-oneaelationshipdetweena finite setof landmarkson boththeinitial andtargetsurfaces.
The coordinatgransformatiorcanbe computedautomaticallyor usinguserinput (asin [30]).

Much of the previous 3D morphingwork hasfocusedon morphingparametricmodels[31, 32] and appliesto
only very limited classef shapesaandtopologies. Several authorshave describedvolumetrictechniques.Hughes
[33] demonstratekow volumescan provide topologicalflexibility in surfacemorphing. Lerios et al. [30] followed
up with a volume-baseagchemewhich incorporatesuserinput via underlyingcoordinatetransformationga known
generalizatiorthe imagewarpingtechniquehatis often usedin imagemorphing). Neitherof theseapproachebave
dealtwith the deepetissueof deformingthelevel setsof a volume,but ratherrely onthe propertiesof theembedding.
PayneandToga[34] aswell asCohen-Oretal. [35] fix theembeddingroblemby usinga signeddistanceransform
to createvolumesfrom surfaces. However, interpolatingdistancetransformscanintroduceartifactsthat violate the
previously statedproperties,and both of thesemethodsusea discretedistancetransformwhich introducesvolume
aliasing.

7.1.1 Free-Form Deformations

Thedistanceransformgivesthe nearestuclideandistanceo a setof points,curve, or surface.For closedsurfacesn
3D, the signeddistancetransformgivesa positive distancefor pointsinsideandnegative for pointsoutside(one can
alsochoosehe oppositesigncorvention).

If two connecteghapeoverlapthentheinitial surfacecanexpandor contractusingthe distanceransformof the
target. The steadystateof sucha deformationprocesss a shapeconsistingof the zerosetof the distancetransformof
thetarget. Thatis, theinitial objectbecomeghetarget. Thisis the basisof the proposedD morphingalgorithm.

Let D(x) bethesigneddistancetransformof thetametsurface,B, andlet A betheinitial surface.The evolution
procesavhichtakesamodelS from A to B is definedby

X~ N D), (32)
wherez(t) € S; andS;—o = A. The free-form deformationscan be combinedwith an underlying coordinate
transformation.The strateyy is to usea coordinatedransformatior(for instancea translationandrotation)to position
thetwo surfacesneareachother Thesetransformationgancapturegrosssimilaritiesin shapeaswell asuserinput.
A coordinateransformations givenby

' =T(z,a), (33)

where0 < a < 1 parameterizesa continuousfamily of thesetransformationghat begins with identity, i.e. = =
T(z,0). Theevolution equatiorfor a parametricsurfaceis

Oz

andthe correspondindevel-setequationis
0% (x,t)
ot
This processproducesa seriesof transitionshapegparameterizedy ¢). The coordinatetransformationcanbe
a global rotation, translation,or scaling,or it might be a warping of the underlying3D spaceaswas usedby [30].

= [Vo(z,t)| D(T(,1)). (35)
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Figure8: A 3D modelof ajet thatwasbuilt usingClockworks,a CSGmodelingsystem.

Incorporatinguserinput is importantfor any surfacemorphingtechnique becauseén mary casedinding the best
setof transitionsurfacesdependn contet. Only userscanapply semantiaconsiderationso the transformatiorof
oneobjectto another However, this underlyingcoordinatetransformatiorcan,in general,achieve only somefinite
similarity betweerthe “warped”initial modelandthe target,andeventhis mayrequirea greatdealof userinput. In
the eventthata useris notableor willing to defineevery importantcorrespondencieetweerntwo objects,someother
methodmust“fill in” the gapsremainingbetweerthe initial andtargetsurface. In [30] they proposealphablending
to achieve that smoothtransition—reallyjust a fadingfrom onesurfaceto the other We areproposingthe useof the
free-formdeformationsimplementedvith level-setmodelsto achieve acontinuoudransitionbetweertheshapeshat
resultfrom theunderlyingcoordinatdransformationWe have alsoexperimentedvith waysof automaticallyorienting
andscalingobjects,using3D momentsjn orderto achieve a significantcorrespondenceetweerntwo objects.

Figure 8 shavs a 3D model of a jet that was built using Clockworks [36], a CSG modelingsystem. Lerios et
al. [30] demonstrat¢hetransitionof a jet to a dart,which wasaccomplishedising37 userdefinedcorrespondences,
roughlyahundreduserdefinedparameterskigure9 showns the useof level-setmodelsto constructa setof transition
surfacesbetweera jet anda dart. Thetrianglemeshis extractedfrom thevolumeusingthe methodof marchingcubes
[5]. Theseresultsareobtainedwithoutarny userinput. Distancetransformsonthe CSGmodelsarecomputechearthe
level surfaceusingananalyticaldescriptiorandextendednto the volumeusinga level-setmethod[37].

The applicationin this sectionshavs how level-setmodelsmaoving accordingto the first-orderterm given in
expressior? in Tablel can“fit” otherobjectsby moving with a speedhatdepend®n the signeddistancetransform
of the target object. The applicationin the next sectionrelies on expressions of Table 1, a second-ordeflow that
depend®n the principal curvaturesof the surfaceitself.

7.2 Filleting and Blending Solid Objects

The constructionof blendingsurfacesis an importanttool in solid modeling. Geometricsolid primitivesandtheir
intersectionoften producesharpcornersor creaseshatareoften not consistentvith the real-world objectsthatthey
areintendedo representThis sectionshovs how blendingcanbe describedisa deformationprocessywheresurfaces
move undera geometricflow that canaddor remove materialbasedon local curvatureinformation. The resultis a
methodfor solid objectblendingthat doesnot dependon ary particularmodelrepresentationThusthis methodis
not restrictedto a specificclassof shapesr topologies. Additionally, the resultsare invariant; they do not depend
on arbitrarychoicesof coordinatesystemsr bases.The only requirements thatthe blendedobjectsmustbe closed
surfaceswith someknown inside-outsiddunction.

Surfaceblendingtechniquesare typically tied very closelyto the choiceof geometricprimitives. For instance,
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Figure 9: The deformationof the jet to a dart using a level-setmodel moving with a speeddefinedby the signed
distanceransformof thetargetobject.
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Middleditch and Sears[38] proposea set-theoretianethodfor blendingsolids which relieson low-orderalgebraic
primitives.A fillet atthejoint of two tori requireshesolutionof adegree32 polynomial. BloomenthabndShoemak
[39] proposea modelingsystembasedon cornvolutions,which relieson a skeletonizedrepresentationf objects. In
generalhe useof convolutionto achieve deformationn implicit shapesesultsin shapeghatreflectboththe shape
of themodelandtheembedding®.

Theblendingmethodproposedn this sectionmplementsaninterative smoothingschemehatsmoothsonly along
thelevel set;thefinal resultis independendf theembedding Considerthe caseof fillets. We proposehatafillet can
be constructedrom a processf “filling in” materialin placesof high curvature. The curvatureof a level-setmodel
canbe calculatedrom the embeddingandthe deformationof the level setis well definedby the curvaturetermsin
Tablel.

Thestratey is to construct curvatureterm, k,,, thatconsistof only positve curvatures?! Theprincipalcurvatures
of the level setsof ® arefunctionsof ® andits derivatives. For a specific® the principal curvaturesarefunctionsof
3-spacek; (z) andks (x). For addingmaterialthe joint betweertwo objects,we consideronly the positive curvature

componentsi.e.,

%—T = |V®|k, = |[VO|kS + |[VO|KS, (36)
wherek™ consist®f only thepositive partsof k£ andis definedaszeroelsavhere.Becaus¢heuseof separateurvature
termscancauseover-shooting theup-windschemdtreatingk, asa space-aryingvelocityin thenormaldirection)is
usedfor this evolution.

Figure10 shavs how the positive-cunatureflow canbe usedto construcffillets. No knowledgeof the underlying
modelsis necessaryThefillets grow largerasmoretime passesThe physicalextentor positionof thefillet canbe
controlledby eitherspecifyinga region of actionor by placinga small blob of deformablematerialin thejoint that
requiresafillet. Figure 11 shavs how sucha blendingcapability canbe usefulin animation. In this casea pair of
superquadricsindego a rigid transformatiorthat controlstheir relative positions. Level-setmodelswith a positive-
cunatureflow are usedto createa smoothjoint betweenthesetwo primitives. Notice that the positive curvature
methoddoesnot suffer from the growth or expansionartifactsthatareoften associatedvith distance-baseblending
methodq40].

Thus,asecond-ordeflow cancreatesmoothblendsbetweerobjectsin away thatdoesnotrequirespecificknowl-
edgeof the shapesr topologiesof the objectinvolved. The applicationin the next section,3D scenereconstruction,
shavs how acombinatiorof first-orderandsecond-ordetermsfrom Table1 arecombinedo createechniquehatfits
modelsto datawhile maintainingcertainsmoothnessonstraintsandtherebyoffsettingthe effectsof noise.

7.3 3D Reconstructionfrom Multiple RangeMaps

Level-setmodelsareusefulfor problemsrelatedto 3D reconstruction.Previous work haspresentedevel-setresults
derivedfrom noisy 3D datasuchasMRI [19] andultrasound41]. In [42] we have shavn how thereconstructiorof
objectsfrom multiple rangemapscanbe formulatedasa problemof finding the surfacethat optimizesthe posterior
probability given a setof measurementéoisy rangemaps)and someinformation aboutthe a-priori probability of
differentkindsof surfaces.Thatoptimizationproblemcanbeexpressedsavolumeintegralwhich canbe solvedwith
level-setmodels.This sectionpresentshe mathematicaéxpressionghatresultfrom thoseformulationsandpresents
somenew results:the reconstructiorof entirescenedy fitting level-setmodelsto the datafrom a scanning.ADAR
(laserranginganddetection)system.

A rangemapis acollectionof rangemeasurementakenalongdifferentdirectionlinesof sight)but from asingle
pointof view. Rangemapscouldcomefrom ary numberof differentsourcesncludinglaserscannersstructuredight
depthsystemsshapefrom stereo,or shapefrom motion. We assumehat suchrangemapsare noisy anduncertain.
Thegoalis to combinea numberof rangemapsfrom differentpointsof view to createa 3D structurethatreflectsthe
collective confidenceanddepthmeasures.

Severalexamplesin theliteraturehave appliedparametrianodelsto this task. Turk andLevoy [43], for instance,
“zip” togethertriangle meshesn orderto construct3D objectsfrom sequencesf rangemapsfrom a laserrange
finder They performminor adjustmentdo the surfacepositionin orderaccountfor ambiguityin the rangemaps.
Their approachassumesery little noisein theinput, which is reasonablgiventhe high quality of their rangemaps.
Chenand Medioni [44] usea parametric(triangle mesh)model which expandsinside a sequencef rangemaps.

1Thesignof cunatureis definedby thedirectionof the normals—in this work normalspointinto thevolumeenclosedy the object.
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Figure10: Two rectangulasolid modelsarejoined by avolumetricfillet thatis createdrom a positive curvatureflow.
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Figurell: A shortanimationis createdy specifyingtherelative motionbetweertwo superquadricomponentsf an
object. A positive-cunatureflow (appliedframeby frameto the joint betweerthe two 3D models)createsa smooth,
flexible object.
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CurlessandLevoy [45] describea volume-basedechniquefor combiningrangedata. They usethe signeddistance
transformto encodevolume elementswith datathat representhe averages(with someallowancefor outliers) of

multiple measurementsSurfacesof objectsarethe level setsof volumes. Relatedapproachegaregivenin [46, 47).

Bajaj et. al. [48] usea Delaunaytriangulationto imposea topology on a setof unordered3D points and then fit

trivariate Bernstein-Beziepatches—i.e. a higherorder implicit model—tothe data. Muraki [2] usesimplicit or

blobby modelsto reconstrucbbjectsfrom rangedata. The individual blobsare sphericallysymmetric3D potentials
thatare combinedinearly sothatthey blendtogether The resultingmodels,with approximately400 primitivesare
quitecoarse.

This work differs from previous work in two ways. First, ratherthan heuristics,our reconstructiorstratgy is
basedon a stratgy that solvesfor the optimal surfaceestimate. This optimal estimateincludesinformation about
one’s expectationsof the likelihood of differentsurfaces. The resultis not a closed-formsolution, but an iterative
procesghatseekgo fit alevel-setmodelto the datawhile enforcingakind of smoothnessnthedata.

7.3.1 Objectivefunction for multiple range maps

The evolution equationfor the estimationof optimalsurfacess shavn in [42] to consistof two parts:

oz
ot
Thisfirst part,—G(x) N, is thedataterm,which is amovementwith variablespeedasin expressior2 from Table1)

thatis the cumulative effect from all of theindividual rangemaps. The secondpartis the prior, which describeghe
likelihoodof the surfaceindependentf thedata. Thedatatermis

Z @) (2) DO (&) w (DU)(m)) A9 (), (38)

= —G(z)N + p(S). (37)

whereD; is the signeddistancealongtheline of sightfrom arangemeasuremerih rangemap; associategassing
throughz. Thefunctionw : IR — IR is awindowing functionthatlimits the penaltyof ary onerangemeasurement,
and¢(+) is a confidencefunction, which is inversely proportionalto the level of noisein the rangemeasurement
associateavith the sameline of sight. Theterm~(-) is anintegrationconstanthattakesinto accounthe curvilinear
coordinatesystemof therangescanner

Thus, a setof rangemapscreatesa scalarfunction of 3D, which describeghe movementof a surfacemodel
asit seeksthe optimal surfaceposition. In the absenceof a prior, p = 0, the zerosetof this function is the final
position(steadystate)of thatevolving surface. Thus,in the absencef a prior, onecould sampleg(z) andobtainan
approximatiorto the optimalsurfaceestimate This strateyy resultsin analgorithmthatis very muchlik e thatof [45].

Thereareseveralreasondor goingto aniteratve schemefor finding optimal solutions.Firstis the useof a prior.
In surfacereconstructionevena very low level of noisecandegradethe quality of therenderedsurfacesin thefinal
result,andin suchcasesetterreconstructionsanbeobtainedoy introducingaprior. Seconds aliasing.Discretizing
g(x) andfinding the zerocrossingswill causealiasingin thoseplaceswherethe transitionfrom positive to negative
is particularlysteep.A deformablemodelcanplacethe surfacemuchmoreprecisely Thethird reasorfor goingto
aniterative schemes that despitethe windowing functionw(z) thereis interferencebetweendifferentrangemaps
at placesof high curvature. This problemis addressedby introducinga nonlinearitywhich is solved in aniterative
schemeagivenby equation37. In thework describedn [21], the solutionof the linear problem,the zerosetof g(x),
senesastheinitial estimatefor the nonlinear iterative optimizationstrategyy thatresultsfrom the inclusionof a prior
andanonlineartermthatcompensatefor lack of any explicit modelof self occlusions.

Equation37 includesa prior, whichis alikelihoodfunctionon surfaceshape A reasonablehoiceof prioris one
thatmodelsobjectswith lesssurfaceareaasmorelik ely thanobjectswith moresurfacearea.Alternatively, onecould
saythatgivena setof surfaceshatarenearthe data,the algorithmshouldchoosea surfacethathaslessarea.Often,
but notalways,thiswill bethesmoothesurface.Thep(S) thatresultsirom this prior is themeancurvature. Therefore
the evolution of the surface,usingthe level-setformulation,that seeksto maximizethe posteriorprobability (givena
setof rangemapsanda prior thatpenalizesurfacearea)is

(Ve -nl) (IE))+

0%(z,t) _ = |Vd(z |Z (D(J) (D(")(m)) x 79 () C(j)(w)m

o ) +BH,  (39)
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Figure12: Rangemaps:Syntheticrangedata200x 200 pixelswith 20% Gaussiarwhite noiseof atorusend(a) and
side(b).
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Figure13: (a) An analytically-definednodelof a torus. (b) An initial model(80x 80x40 voxels)is constructedy
combiningsix pointsof view of atorusandsolvingfor g(x) = 0. (c) Themodel,whichis attractedo therangedata
but subjectto internalforces,evolvesandsettlesinto a smoothersteadystate.

wheren(?) (z) is theline of sightfrom arangefinderto a 3D point, z, 4 is a free parametethatcontrolsthe level of
smoothingn themodel,and H is the expressiorfor the meancurvaturegivenin equationb.

Figure 12 shows a pair of simulatedrangemapsconstructedrom an analyticaldescriptionof a torus. These
200x 200 pixel rangemapsare corruptedwith additve Gaussiamoisethat hasa standarddeviation of 20% (asa
function of the smallerof thetwo radii). Six syntheticnoise-corruptediewpointsof atorusarecombinedto createa
level-setreconstructiorof atorus. Figure13(a)shavstheinitial model(80x 80x 40 voxels)usedfor fitting alevel-set
modelsto the rangedata. Figure 13(b) shavs the resultof the level-setmodelsthatusesl3(a)asaninitial stateand
hasavalueof g equalto 0.5. Theresultis a reasonableeconstructiorof the noiselessnodel(Figure 13(c)) which
combineghesix pointsof view andthe smoothingfunction.

Figure 14(a)shavs a rangemaptakenwith the Perceptrormodel P5000,an infra-red, time-of-flight laserrange
finderwith a pan-tilt mechanismFigure 14(b) showvs the amplitudesassociatedvith the returnsignal(anintensity),
and 14(c) shows a surfaceplot of the rangemapto demonstratehe degreeof noise (additive and outliers). Figure
14(d) shaws the confidencevaluesassociatedvith thoserangemeasurementsTheseconfidencevaluesarederived
from empirical dataaboutthe level of noisein the rangefinder (which dependon the returnamplitude),and some
analysisfrom first principles,aboutthe effectsof uncertaintyin the 3D positionsof the scansandthemodel— which
resultsin thelower confidenceat edgesasdescribedn [42]. We combinedwelve suchviews from differentlocations
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Figure 14: (a) One of twelve rangemaps(b) The associateamplitudemap(c) A surfaceplot of the rangedatato
shaw thelevel of noise.(d) The confidencaneasureassociatedavith thoserangevalues.
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in theroomto generataheresultsthatfollow.

Figure 15(a) shaws the initial estimatebasedon the zero crossingsof g(x), and 15(b) shows the resultof 32
iterationswith the prior term andthe correctionfor the surfacenormaldirection. The size of the volumeis 300 x
150 x 180 voxels,andtheresolutionis 1.8 cm/voxel. Theseresultsshav theability of the statistically-basedpproach
to overcomethe noisein the scannerandthey shav thatthe inclusionof iterative, model-fittingschemehelpscreate
moreaccurataeconstructionsTheresolutionof the modelfalls below thatof thescanshecausé waslimited by the
random-access-memoayailableon ourworkstation.Somesmallfeaturessuchasthearmrestsof thechairs,arelost
becaus®f theinaccuraciedn theregistrationof theindividual rangemaps.

8 VISPACK

8.1 Intr oduction

VISPACK is a setof C++, object-orientedibrariesfor image processingyolume processingandlevel-setsurface
modeling. It consistsof five libraries: Matrix, Image, Volume, Util, and Voxmodel(level-setmodeling). These
librariescanbe usedseparatelyr togethemwhencreatingapplications.

VISPACK incorporate®ightbasicdesignattributes. Theseare

Data Handles/Copyon Write:  VISPackis an object-orientedibrary, andassuchwe allow the objectsto handle
memorymanagementgndrelieve the programmel(in mostcases)rom having to worry pointersandthe cor-
respondingnemoryallocation/deallocatioproblems. For this we usethe datahandleswith a copy on write
protocol Copy constructorperforma shallov copy with referencecountinguntil a non constoperationon the
underlyingbuffersforcesa deepcopy. Thusdeepcopiesareperformedonly whennecessarybut all memoryis
maintaineddy the objectsandobjectsbehae as“variables’ratherthanpointers.

Modified Data Hiding: Accesgo datain objectsis generallythroughaccessnethodshowever, pointersto buffers
for fastimplementationsreavailable.

Templates: VISPackutilizesthetemplatingconstructof C++ virtually throughout.Many of the objects,including
images,volumes,lists, and arrays,are intendedto supporta wide rangeof datatypes. Thus, via templating
programmersandefinethe pixelsof differentimagesof differenttypes,suchasfloatingpoint, 24-bit color, and
16-bitgreyscale.

Useof Standard File Formats: Whenappropriate/ISPack usesstandardile formats.We choosdormatsthatare
well known andhave publicly availablelibrariesthat canbe distributedwith our libraries. The matrix library
usesasimpletext format. Theimagelibrary usesTIFF andFITS file formats.Becausao standardormatexists
for saving volumesof datawe do usearaw file format.

Operator Overloading: Properuseof operatoroverloadinggives usersa corvenientway to executeoperations
on an object. Whencompinedwith the copy-on-write corvention, operatoroverloadingallows programmers
to treatmary heary-weight objects(e.g. imagesandvolumes)asvariables. For instance the following code
computesion-maximakdgesn aon afilteredvolume.

Vol une<f| oat > dx, dy, dz;
Vol une<f| oat > vol _gauss = vol . gauss(0.5);
Vol une<fl oat > vol out = (((dx = vol _gauss. dx()). power (2)
*vol _gauss. dx(2)
((dy = vol _gauss. dy()). power(2)*vol gauss. dy(2)
((dz = vol _gauss. dz()). power(2)*vol gauss. dz(2)
dx*dy*(dx).dy() + dx*dz*(dx).dz())
dy*dz*(dy).dz()) )).zeroCrossings()
&& ((dx. power(2) + dy.power(2)) > T*T));

+ + + +
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Figure15: (top) The 3D reconstructiorresultingfrom the zerocrossingof g(x) givessomeaveraging but includes
no prior. (bottom) Theresultof 32 iterationswith the iterative schemencludesthe prior andexcludesinfluencesof
dataon surfaceshatfaceaway from the scanner
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8.2 Level-SetSurface-ModelingLibrary

ThelLevel-SetSurface-ModelingLSSM) Library is animplementatiorof thelevel-settechniqueg11, 13] specifically
for deformingsurfacemodelsembeddedn volumes. The implementatiorusesthe sparse-fieldnethoddescribedn
[20]. Thelibrary implementsall of the basichnumericalalgorithmsandhandlesall of the datastructuresequiredto
performLSSM. The stratey for usingthis library is to subclasghe objectVoxMbdel , setsomeparametersdefine
a setof simplevirtual functionsthat control the deformationprocessinitialize the model,andthendirectthe model
to iteratively deformaccordingto thoseequations.This sectiondescribeghe relationshipbetweenthe mathematics
of previous sectionsandthe VISPacklibrary. Its alsopresentsanexampleof usingVISPacklibararyto do 3D shape
metamorphosiasdescribedn Section7.1.

8.2.1 SurfaceDeformation

The LSSM library allows oneto solve for surfacedeformationsasa function of time, for generallevel-setsurface
movementsf theform:

0

a—f =aF(z, N(z)) + fG(z, N(z))N(z) + vN(x) + nE (ki (2), k2(2))) , (40)
wherez is apointonthesurface.This equations solved by representinghe surfaceasthe kth level setof animplicit
functiong(z,t) : R® x R' s R. Thisgives

0¢
ot
whereD¢ andD?2 ¢ arecollectionsfirst andsecondierivativesof ¢, respectiely. This equationis solvedon adiscrete
grid usinganup-windschemegradientcalculationscentraldifferencedor thecurvature andforwardfinite differences

in time. The LSSM library usesthe spaise-fieldmethoddescribedn Section6.3andin [21].
Thus,the LSSM library offersthefollowing capabilities:

aF(z,V9)) - Vo + BG(x, V)|Vl +7|Ve| +nE(D¢,D*¢), (41)

1. Createsaninitial model(with associatedctive set)from avolume.

2. CalculatesAu? ik andAt usingvirtual functions(definedby subclasseghatdescribeF’ andG, andparameters

2

(valuessetby thésubclass)x, 3, v, andn.

3. Performsanupdateonthevaluesof 7', ;.

4. Maintainsthe list of active grid pointsandupdateghe layers aroundthosepointsin orderto maintaina neigh-
borhoodfrom which to calculatesubsequentpdates.

5. Providesaccesso thevolumethatdefinesu?; , andthelinkedlist of active grid points.

Giventhevolumedefiningu?; ., onecanthenrely on thefunctionality of the volumelibrary for subsequernprocess-
ing, file 1/0, or surfaceextraction.

8.2.2 Structur e and Philosophy of the LSSM Library

Thelibrary is organized(mostly for easeof development)into a baseclass,Level Set Model , andaderivedclass,
VoxMbdel . The baseclassdoesall of the book keepingassociatedvith the active setand surroundingayers, the
link lists associatedavith thosesets,andinitializing the model. Thusit addsandremovesvoxels from the active set
(andsurroundingayers)in responseo an updateoperation. The baseclassassumeshat the subclasseknow how
to updateindividual voxels. Applicationsare built by subclassing/oxModel andredefininga small setof virtual
functionsthatcontrolthe movementof themodel.

The subclassVoxModel , performsupdateon the grid pointsin the active setof the form givenin Equationl16,
usingfunctionsF' andG andparameters, 3, v, ands. It alsocalculateshemaximumAt thatensurestability. Thus
auserwhowishesto performa surfacedeformationusingthe LSSMlibrary, would createsubclas®f VoxMbdel and
definethe appropriatevirtual functionsandsetthe parameterso achiese the desiredbehaior.
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8.2.3 Thelevel Set Model Object

TheLevel Set Model containsavolumeof valuesavolumeof statuslags, five lists (oneactivelist, two insidelists,
andtwo outsidelists), andthreeparametershatdeterminethe origin of the coordinatesystemform which the model
performsits calculations.

There are two constructorsLevel Set Model () and Level Set Model ( const VI SVol ume<f| oat >
&) . Thefirst simply initializesthe datastructure andthe secondalsosetthe valuesof the modelvolume(_val ues)
to the input. Oncethe valueshave beenset, one can createan initial volume from thosevaluesby calling con-
st ruct Li st s(), which canalsotake a floating-pointargumentthat controlsthe scalingof the input relative to a
local distanceransformnearthe zeroset.

Thelist thatkeepstrack of the active set,called_act i ve_l i st , keepstrack of thelocationof thosegrid points
anda singlefloating-pointvalue,which storesthe changen their valuesfrom oneiterationto the next.

Anotherimportantmethodsfor usersof this objectis updat e( f | oat ) , which changeshe grey-scalevaluesof
thegrid for the active setaccordingto thevaluesstoredin _act i ve_l i st , andupdateghe statusof elementonthe
active list aswell asthe valuesandstatusof nearbylayers(2 insideand?2 outside).Thefloating pointargumentis the
valueof At from Equationl16, andthe returnvalueis the maximumchangethat occurredon the active set. Finally,
the methodi t er at e() callsthe virtual methodcal cul at e_change, a virtual function which setsthe values
of Au; g andreturnsthe maximumvalue of At for stability, andthencallsupdat e. For this objectthe function
cal cul at e_.change performssometrivial (i.e., uselesspperation.

8.2.4 TheVoxMbodel Object

TheVoxModel objectis asubclas®f Level Set Model , andit addthreethingsto the baseclass.

1. cal cul at e_change() isredefinedo implementthe surfacedeformationdescribedn Equation41.

2. Thevirtual functionsaredeclaredor F' (calledf or ce) andG (calledgr ow). Thesefunctionsaredefinedto
returnzerofor this object.

3. The parameterghat control the relative influence of the various terms are read from file by a routine
| oad_par ans.

4. A methodr escal e(f | oat) is definedwhichresampleshevolumeof grid-pointvaluesinto a new volume
with differentresolutionandredefineghelists (andtherebythe model)in this new volume. This methodis for
performingcoarse-to-fineleformationprocedures.

8.3 Example: 3D ShapeMetamorphasis

TheMor ph objectallowsoneto constructsequencef volumesor surfacemeshesisingthe3D shapanetamorphasis
techniquedescribedin Section7.1, which was first proposedby Whitaker and Breen[20]. This techniquerelies
distanceransformsfor boththe sourceandtarget objectsandusesa LSSMsto manipulatethe shapeof the sourceso
thatit coincideswith thetarget. The surfacedeformationthatdescribeghis behaior is

X = 56 (T(x) N(@) (42

whereG(x) is simply thedistanceransform(or somemonotonicfunctionthereof)of thetarget,andT is a coordinate
transformatiorthatalignsthe sourceandtargetobjects.Thelevel-setformulationof thisis

9¢(, 1)
ot

Themorphingprocessonsistof several steps:

= pG (T(2))[V4l. (43)

1. Readin distanceransformgin theform of volumes)for both sourceandtarget.

2. Initialize the LSSM by fitting it to the zerosetof the sourcedistanceransform.
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3. Updatethe LSSM accordingto Equation43.
4. Saveintermediaterolumes/surdicesat regularintervals.

The remainderof this sectionlists the codeand commentsfor threefiles, morph.h(which declareshe Mor ph
object),morph.C(which definesthe methodsyandmain.C(which performsall of thel/O andusesthe Mor ph object
to constructa sequencef shapes.

8.4 Morph.h
/1

/1 norph.h
/1

/1

#i fndef iris_norph_h
#define iris_nmorph_h

#i ncl ude "voxnodel / voxnodel . h"
#i nclude "matrix/ matri x. h"

#define | NI T_STATE O
#def i ne MORPH_STATE 1

/1
/1 This is the nmorph object. It uses all of the machinery of the base
/1 class to manipulate |l evel sets. It needs to have an initial volume

/1 and a final volume (which would typically be the distance transform
/1 it mght need a 3D transformation, and it needs to redefine the

/1 virtual function "grow', which takes 6 floats as input, the position
/1 followed by the normal vectors (all will calculated and passed into

/1 this nethod by the base class). It mght also have a state, that
/1 indicates whether or not it’s been initialized.
/1

/1 Functions not defined here should be defined in "norph. C
/1
cl ass Morph: public VoxModel

{
pr ot ect ed:
VI SVol unme<f | oat > _di st_source;
VI SVol unme<fl oat> _di st _target;
VISMatrix _transform
/1

/1 This is the function that is used by the base class to mani pul ate the
| evel

/1 set. You can define it to by anything you want. For this object, it
wi | |

/1 return a value fromthe distance transform of the target.

/1
virtual float grow(float x, float y, float z,
float nx, float ny, float nz);
/1l There are two states. 1In the first state, the nbodel is trying to fit
/1l to the input data. 1In this way the nodels starts by | ooking just like
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/1 the input data
int _state;

public:

Mor ph(const Mor ph& ot her)

{
_dist_target = other._dist_target;
_initial = other. initial;
_state = MORPH_STATE;
_transform= VISVISMatri x(3, 3);
_transformidentity();
[l initialize();

}

Mor ph( VI SVol unme<fl oat> init, VISVol une<float> d)
: VoxModel ()
{
_dist_target = d;
_initial = init;
_state = MORPH_STATE;
_transform= VISVISMatri x(3, 3);
_transformidentity();
/[l initialize();

}

void initialize();

/1 for this object | assune that the transformis just a matrix.

/1 but it could be anything
void transformconst VISVISMatrix& t)
{ _transform=1t;}

const VISVISMatri x& transform)
{ return(_transform;}

voi d di stance(const VI SVol une<f| oat > d)
{ _dist _target = d;}

VI SVol unme<f | oat > di st ance()

{ return(_dist_target);}

b
#endi f
8.5 Morph.C

#i ncl ude "nor ph. h"
#i nclude "util/geonetry. h"
#include "util/mathutil.h"

/1
/1 this is the virtual function, that is the guts of it all.
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/1

float Morph::growmfloat x, float y, float z,
float nx, float ny, float nz)

{

/1 this says you are in the norph state (things have been initialized)
if (_state == MORPH_STATE)

{

float xx, yy, zz;
VI SPoi nt p(4u);

p.at(0) = x;
p.at(1l) =y;
p.at(2) = z;
p.at(3) = 1;

VI SPoi nt p_tnp;
/1 this is where you could put sone other transform
p_tnmp = _transforntp;

XX = p_tnp.x();
yy = p_tm.y();
zz = p_tnp.z();

/1 make sure you are not out of the bounds
/1 of your distance vol une.
if (_dist_target.checkBounds(xx, yy, zz))
/1 if not, get the distance (use trilinear interpolation).
return(_dist _target.interp(xx, yy, zz));
el se
return(0.0f);
}

el se
{
/1 if you are still initializing, then nove toward the zero set of
/1 your initial case
if (_initial.checkBounds(x, vy, 2))
return(_initial.interp(x, vy, 2));
el se
return(0.0f);

}
}

/1 this makes the nodel |ook |ike the input.
#define | NI T_I TERATI ONS 5
void Morph::initialize()
{

_values = _initial;

int state tnp = _state;

_state = | NI T_STATE;

construct |ists(D FFERENCE FACTOR);
/1 these couple of iterations are required to make sure that the zero
/1 sets of the nodel match the zero sets of the
/1
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for (int i =0; i < INT_ITERATIONS; i++)
{
// limt the dt to 1.0 so that the nbdel settles in to a solution
updat e(:: mn(cal cul ate_change(), 1.0f));
}

_state = state_tnp;

8.6 Main.C

#i ncl ude "vol /vol une. h"

#i ncl ude "vol /vol unefile.h"
#i ncl ude "image/ i nagefile.h"
#i ncl ude "nor ph. h"

#i ncl ude <string. h>

const int V_HEIGHT = (40);
const int V_WDTH (40);
const int V_DEPTH (40);

#define XY_RADIUS (12) // this matches the 2.5D data generated in
torus.C

#define T_ RADIUS (4) // this matches the 2.5D data generated in torus.
#define S RADIUS (12) // radius of a sphere

#define B_WDTH (20. 0f)
#def i ne B_HEI GHT (60. 0f)
#defi ne B_DEPTH (20. 0f)

#define B_CENTER X (12.0f)
#define B_CENTER Y (32.0f)
#define B_CENTER Z (12.0f)

fl oat sphere(unsigned x, unsigned y, unsigned z);
float torus(unsigned x, unsigned y, unsigned z);
fl oat cube(unsigned x, unsigned y, unsigned z);

/1 This is a programthat does the norph. |If you give it two

/1 argunments, it reads the initial nodel and the dist trans for the
/1 final npdel fromthe two file nanmes given, otherwise, it nmakes a
sphere

/1 and deforms it into a torus

mai n(int argc, char** argv)

{

VI SVol une<f| oat > vol _source, vol _target;
VI SVol uneFil e vol _file;

int i;

char fname[ 80];
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vol _source = VI SVol une<f| oat >(25, 65, 25);
vol _source. eval uat e( cube) ;

if (argc > 2)

/1 read in the sourceing nodel
vol _source = VI SVol une<fl oat>(vol _file.read float(argv[1]));
/1 read in the dist trans of the final node
vol _target = VI SVol une<float>(vol _file.read float(argv[2]));

}

el se

/1 make up sone vol unes
{

vol _source = VI SVol une<fl oat >(V_WDTH, V_HElI GHT, V_DEPTH);
vol _source. eval uat e( sphere);
vol target = VISVol une<float>(V_WDTH, V_HElI GHT, V_DEPTH);
vol target. eval uate(torus);

/1 create norph object

Mor ph nor ph(vol _source, vol target);

/1 loads in sone paraneters (for norphing these are all zero but one)
/1l i.e.

/1

/1

/1

/1

nor ph. | oad_par anet er s(" nor ph_parans") ;
nmorph.initialize();

vol _file.wite_float(norph.values(), "nmorphO.flt");

float dt;

/1 do 150 iterations for your nodel to get fromstart to finish
/1 probably don't need this nany iterations

for (i =0; i < 150; i++)
{
dt = norph. cal cul ate_change();
/1 limt dt to 0.5 so that nodel never overshoots goa
dt = mn(dt, 0.5f);
mor ph. updat e(dt) ;

printf("iteration % dt %\n", i, dt);
if (((i +1)%0) == 0)
{
/1 save every tenth vol unme
sprintf(fnanme, "norph_out.%.dat", i + 1);
vol _file.wite_float(norph.values(), fnane);
}
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/1l save a surface nodel (i.e. marching cubes).
vol _file.march(0.0f, norph.values(), ‘‘norph_final.iv'");

printf("done\n");

}
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